
Numerical Derivation of Dispersion Coefficients for Flow
through Three-Dimensional Randomly Packed Beds of

Monodisperse Spheres

Amir Jourak, J. Gunnar I. Hellstr€om, and T. Staffan Lundstr€om
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The longitudinal (DL) and transverse (DT) dispersion coefficients for flow through randomly packed beds of discrete mono-
sized spherical particles are studied. The three-dimensional (3-D) porous-medium model consists of thousands of spherical
particles that are divided into cells using Voronoi diagrams. The relationship between the variation of the dual stream
function and the vorticity between neighboring particles is derived using Laurent series. The whole flow pattern at low
particle Reynolds number is then obtained by minimization of the dissipation rate of energy with respect to the dual stream
function. The DL is obtained by fitting the resulting effluent curve to a 1-D solution of a continuous model. The DT is
obtained by fitting the numerical concentration profile to an approximate 2-D solution. The derived DL and DT values are
in agreement with 3-D experimental data from the literature enabling a study of the effects of pore structure and porosity
on DL and DT. VC 2013 American Institute of Chemical Engineers AIChE J, 60: 749–761, 2014
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Introduction

Pore-scale flow and dispersion in porous media like in
fixed beds of spheres has been modeled in different fields of
engineering. One example is compact-bed filters that are
used for on-site sanitation systems.1–3 Modeling the flow
through such packed beds in laboratory scale is important
for aspects such as geometrical scale-up and optimization of
operation parameters.4 In chemical engineering, the modeling
of packed-bed reactors, especially those with low-tube-to
particle diameter ratio, which are used for highly exothermal
reactions, has been studied extensively (see e.g., Nijemeis-
land and Dixon5). Another area of interest is the impregna-
tion of fabrics during composites manufacturing,6–10 in
which the flow is often on several scales and different kinds
of particles may be added to the fluid to add functionality to
the molded composite. Manufacturing of new biocomposites
and papermaking are other examples where dispersion mat-
ters.11–14

One way to numerically study the flow through fixed beds
of spheres is to use traditional Computational Fluid Dynam-
ics (CFD). The flow in fixed-bed reactors has, for example,
been simulated with CFD with usage of finite volume discre-
tization of the Navier–Stokes equations (see e.g., Refs. 5,15,
and 16). Another approach for complex flow systems is the

Lattice–Boltzman method,17,18 that has been used to derive
the detailed flow in porous media and in fixed-bed reactors
(see e.g., Refs. 19 and 20) even for moderate Reynolds num-
bers. However, it may not be well suited for curved particle
interfaces and sharp spacing between the spherical particles.
As an alternative approach, accelerated Stokesian dynamics
method21 can be applied, but it requires inverting large
matrixes for increased number of particles. Thus, although
such methods can be successfully used to simulate the flow
and study transport/transfer properties in packed beds of par-
ticles, it may be difficult to study large systems due to mesh
refinement problems and the requirements of large computa-
tional resources. Hence, many of the early simulations were
performed on unit cells with periodic boundary condi-
tions.22,23 Today, despite the advances of computational
power, CFD simulation of a large number of particles often
becomes very time consuming and expensive. In addition,
there are certain difficulties related to the discretization of
small distances near the particle-particle and particle-wall
contact points. Therefore, the suitability of the mesh in gen-
eral and particularly near these contact points should be ana-
lyzed carefully and methods should be developed that are
stable regarding convergence, computational efficient and
that has a geometrical configuration that can be altered in a
simple way,24,25 for example, due to deformations of porous
media. Following these demands, a three-dimensional (3-D)
porous-medium model is here built that consists of thousands
of spherical particles that are divided into cells using Voro-
noi diagrams. The aim of building this model is to reproduce
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mass transfer in a tracer column experiment and the resulting
effluent curves. The dispersion is obtained by fitting the con-
tinuous model to either effluent curves or spatial distribution
of the concentration front inside the column. It requires tran-
sient calculations that are less efficient than methods
employing B-field26 or other methods. However, with the
approach it is possible to examine how the fitted dispersion
develops as the concentration front moves inside the column.
Of particular interest is the behavior at the inlet of the col-
umn where the discrete character of the particles can change
the continuous interpretation of dispersion. On the other
hand, it is still not clear whether the dispersion stabilizes if
the column length increases depending on the condition at
the side walls. Therefore, a study of a prolonged system is
carried out.

The 3-D packed-bed model consists of thousands of ran-
domly distributed spheres. Voronoi diagrams are applied to
discretize the system into cells that each contains one sphere
and Laurent series are applied to find the local flow fields
inside the Delaunay tetrahedrons. The whole flow pattern is
then obtained by minimization of the dissipation rate of
energy27,28 for the dual stream function.29 The obtained
stream function provides an excellent tool for flow visualiza-
tion in porous media. As a result, a discretized 3-D packed-
bed model is obtained that is employed to derive the longitu-
dinal (DL) and transverse (DT) dispersion coefficients. The
results are presented as DL/Dm and DT/Dm vs. Pem (5 ud/
Dm), and are further compared to experimental results from
the literature. In these expressions, Dm is the molecular dif-
fusion coefficient; d is the inert sphere diameter; and u is the
average interstitial liquid velocity, defined as u 5 U/e, where
U is the superficial velocity and e is the porosity. The flow
rate in this study is limited to Pem< 10 to analyze the
dynamics in the tracer column experiment rather than to
obtain the dispersion directly. At this range of velocities, the
dispersion predominantly depends on the flow variation due
to random packing of the porous media rather than variation
of flow velocity between single solid particles, so called
Taylor dispersion.30,31 The Taylor dispersion is essential for
higher velocities, that is, Pem> 10. As only the low Reyn-
olds number flows are considered, the boundary layer disper-
sion30 is neglected. The boundary layer dispersion occurs at
Pem � 1 and results from tracers that come close to no-slip
solid boundaries in the medium that could not escape the
slow moving region near the boundary without the aid of
molecular diffusion.30

This work is founded on an earlier published article32 that
used a 2-D packed-bed model to derive the dispersion coeffi-
cients. Moreover, similar to the previous 2-D packed-bed
model,32 the model derived herein is generic and can be
applied to a number of areas of application such as investi-
gations of the effects of particle-size distribution on the
DL,33 drying of iron ore pellets,34 filtration mechanisms dur-
ing composites manufacturing,35 and internal erosion
processes.36

Numerical Setup

The type of packing in fixed beds affects the local fluid,
heat, and mass transport,37 and, thus, influences macroscopic
variables such as dispersion coefficients and permeability.
Therefore, the porous-medium model is used to derive the
dispersion coefficients for a randomly packed bed, as well as
for a bed with the same porosity and size distribution of

spheres, but that is packed regularly (hexagonal close-
packed). Most of the simulations that have been performed
to study the flow and derive the dispersion coefficients in
fixed beds of spheres use a fixed e. However, the values of e
for a real packing of spheres are typically between 0.36–
0.4237 validating a study of the effects of e in this range on
the dispersion coefficients. The methodology used in this
article to make a random packing of spheres, discretize the
system of spheres, find the flow pattern in the packed-bed
model and derive dispersion coefficients is robust and easy
to implement.

Packing procedure

In general, the distribution of particles in natural systems
has a random character. The porosity in such systems of
equal-sized spherical particles varies typically from 36% to
42%. This is far from the minimum possible porosity of
12 p

3
ffiffi
2
p � 26% for the densest periodic packing. Hence, there

is a structural difference between these two packing, imply-
ing that the transfer from a periodic system to a random one
is not straightforward.38 One way to get a random close-
packing structure is to generate a dilute nonoverlapping con-
figuration. Then, an optimization procedure is launched,
where the particles are subjected to a random motion and the
overall distance between the particles is minimized.39

Another way is to use a raining process, in which new par-
ticles are inserted from a random position at the top of a pre-
defined volume and are subsequently allowed to fall into
local minima.20,40 This, however, does not give low enough
porosities. A third alternative is to use the Jodrey–Tory algo-
rithm that is based on “repulsion” of overlapping spheres
with a gradual reduction of their radii.41,42 A fourth route is
the Lubachevsky–Stillinger algorithm, where molecular
dynamics are used on nonoverlapping spheres, each having a
radius that is allowed to gradually increase.43 In the current
case, the packing procedure should be able to handle fixed-
sized systems with very low random porosities without any
usage of non-natural forces. To meet these requirements, an
initial random distribution of overlapping particles is gener-
ated. The quantity of particles corresponds to the intended
porosity of nonoverlapping particles. Then, the system is vir-
tually shaken until none of the particles overlap the others.
The shaking of the system is made by a kind of Brownian
motion, whereby particles can jump in a random direction at
a random but small length in each step.44 However, the
jumps that increase overlapping of the particles are set to
be less frequent, W1, compared to jumps that decrease or
do not change overlapping, W02, according to a piecewise
simulated annealing technique: W1=W025 12fracð
ði=i0Þ2
h i�

exp -i=i1½ �, where i is index of iteration, frac

denotes fractional part, i0 and i1 are parameters that are cho-
sen to be around 104. It is clear that the shaking time
increases as a function of final particle fraction of the sys-
tem. The shaking is stopped as soon as a nonoverlapping
configuration of particles is reached resulting in a practically
consolidated porous media. The default porosity in the cur-
rent study is 40%, which requires typically less than 104

jumps for each particle. However, as the porosity decreases
the required number of jumps increases considerably. The
minimum bulk porosity is, as previously stated, 36%
for uniform-sized spheres.37 In this article, the lowest
porosity studied for equal-sized particles is 36.5%. It is pos-
sible to obtain lower porosities for random systems for
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different-sized particles, as the smaller particles can partially
fill the spaces between larger particles.

As previously mentioned two types of packing were used
in this study; random and perturbed regular hexagonal close
packing (hcp). Note that the perturbations to regular packing
are introduced because otherwise the Delaunay tessellation
described in the next section would degenerate, that is, there
are several ways to construct the Delaunay tessellation upon
the same Delaunay criterion. Moreover, the current method is
not well suited for completely regular packing as higher flow
rate effects can be important already at smaller Pem. To exem-
plify the difference between the two packing, the correlation
functions around two and three close-spaced particles for these
systems are plotted in Figure 1, that is, porosity as function
from the distance from the selected particles. White represents
zero porosity, that is, there is certainly a particle at this relative
position, whereas black represents relative position where no
particle is present. For the random system, the oscillations of
average statistical porosity at a given distance from the refer-
ence particles quickly cease and become the average porosity
of the system; see Figures 1a, b. Nevertheless, there are posi-
tions close to the reference particles where there is a high
probability of having a particle. In the case of perturbed regu-
lar packed system, however, the oscillations of average statisti-
cal porosity are substantial even at a rather large distance from
the reference particles, as clearly seen in Figures 1c, d.

Voronoi discretization of the random system

The complete system has to be divided into smaller parts
to build a discrete numerical scheme. Using Voronoi dia-
grams, the system of particles is divided into cells that each

contain one particle; see Figure 2. The general methodology
is based on the fast Bowyer-Watson algorithm as in Thomp-
son45 but with another initial tessellation. Voronoi diagrams
are mutually related to Delaunay tessellation. Following
Thompson,45 the primary system is surrounded by 26 equal
systems or domains to deal with the periodic boundary con-
ditions for the Delaunay tessellation. A tetrahedron that con-
nects the four closest particles can be such that the particles
belong to different domains at the boundary of the system.
Therefore, the particles in the tetrahedron have a position in
the primary system as well as in the domain that they belong
to. As the tetrahedrons are the same in each domain, only
tetrahedrons with the lowest index particle in the primary
system need to be considered. Tessellation in this study
starts from just one particle in the primary domain with six
tetrahedrons, whereas Thompson45 used eight initial particles
in the primary domain near the eight corners of the system
to get an initial tessellation with 40 tetrahedrons. A parallele-
piped may also be divided into five tetrahedrons, but this
would destroy the periodicity, as each face of the tetrahedron
should contact the same face of another tetrahedron either
from the primary domain or neighboring domain. As the sys-
tem in this study can have very different dimensions in dif-
ferent directions, tetrahedrons at the initial stage of the
algorithm are nearly degenerated and may introduce numeri-
cal instabilities. If particles that are well inside an existing
base tetrahedron are accounted for, then even more degener-
ate tetrahedrons could be created. It is therefore better to first
select the particles that cross or are very close to the existing
long faces of Delaunay tetrahedrons. Then, both facing tetra-
hedrons will definitely be included in the core according to
the Delaunay criterion and the new tetrahedrons will be less

Figure 1. Correlation functions for large random (a and
b) and perturbed regular hexagonal close-
packed (c and d) systems with equal-sized
particles and porosity of 0.4: (a and c) around
2 close-spaced particles in axial cross sec-
tion, and (b and d) around 3 close-spaced
particles in the plane of particles.

White represents zero porosity, black—porosity equal to

one, that is, particles are absent at that location. Grey is

porosity between these values.

Figure 2. Example of a Voronoi mesh of a 3-D system
with dimensions 0.36 3 0.06 3 0.36 m3 and
with 5157 particles.

Cross sections in the x-z plane (main part), y-z plane (left),

and x-y plane (bottom) are shown. Shaded particles have

the center behind the cross section, the others in front of

it. The color represents component of the stream function

for each particle perpendicular to the corresponding cross

section.
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degenerate. Unlike Thompson,45 the visibility test and lost
vertex-test of the core is performed at each insertion of the
new tetrahedron,46 as opposed to afterward. Notice that
the discretization of Voronoi cells is strictly defined by the
mutual Delaunay tessellation and no grid refinement study
can be performed at this stage.

Derivation of dual stream function

To simulate a tracer column experiment, to obtain the
resulting effluent curves and dispersion coefficients, the flow
field must be known for the complete system, for a certain
configuration of particles. As the liquid is considered to be
incompressible, the stream function and vorticity approach has
certain benefits, such as automatic conservation of the conti-
nuity equation. The stream function, w, and the vorticity, x,

are vectors with three components, making the derivation of
the flow field rather difficult but still possible to carry out.
The stream function w is not strictly defined, as there are a
number of possibilities to obtain the same velocity distribution

u5$3w (1)

In analogy with the magnetic vector potential, the follow-
ing assumption is hypothetically useful

rw50 (2)

as it makes it possible to express x as

x5$3u5$3ð$3wÞ52$2w (3)

where a vector component of x is related only to the same
vector component of w in Cartesian coordinates. The cou-
pling of the vector components is then realized through the
constraint (2). For low Reynolds numbers (Re), the energy
dissipation rate tends to decrease to a minimum27,28 (see
Appendix A). This can be expressed in the following mannerð

lx2dV5min (4)

where m is the fluid dynamic viscosity and the integral is
taken over the total volume of the system. Assume a large
porous system in the form of a rectangular parallelepiped
according to

0 � x � ax

0 � y � ay

0 � z � az

8>><
>>: (5)

with a superficial velocity U directed along the z axis. Proper
boundary conditions should be specified for w that yield the
superficial velocity U, agreeing with the periodic boundary
conditions for velocity, and fulfill constraint (2). One possi-
bility is to set the following conditions

wxð0; y; zÞ5wxðax; y; zÞ; wyð0; y; zÞ5wyðax; y; zÞ2
axU

2
; wzð0; y; zÞ5wzðax; y; zÞ

wxðx; 0; zÞ5wxðx; ay; zÞ1
ayU

2
; wyðx; 0; zÞ5wyðx; ay; zÞ; wzðx; 0; zÞ5wzðx; ay; zÞ

wxðx; y; 0Þ5wxðx; y; azÞ; wyðx; y; 0Þ5wyðx; y; azÞ; wzðx; y; 0Þ5wzðx; y; azÞ

8>>>>><
>>>>>:

(6)

Then, the linear system of equations with respect to w can
be solved independently as previously done in the 2-D
case.32 Evaluating the z-component of w, it is clear that the
trivial solution wz 5 0 both satisfies the boundary conditions
(6) and minimizes (4), which is another possible constraint
for w instead of Eq. 2. Following this finding, the 3-D flow
field can be described by just two components of w, namely
x and y. This is often called the dual stream function
approach, which can in principle represent any 3-D Stoke-
sian flow in a porous media.29 This methodology is used in
this article and the example of a dual stream function is
illustrated in Figure 2.

Local flow around particles

The spherical particles are assumed to be impermeable;
therefore, w can be assumed constant inside the particles.
Moreover, the boundaries of the solid particles have nonslip
boundary conditions. Therefore, the change of w is infinitesi-
mal at the surface of each particle and the local w varies
only in the space between particles.

Consider a Delaunay tetrahedron that has four faces with
each face consisting of three spherical particles. If the tetra-
hedron has a dense packing, then there are channel-like
openings through each one of the faces. The flow distribu-
tion in it can be derived as in a channel with a slowly vary-
ing shape along its length. The assumption is valid also if
the particles are not completely compact, which results in a

shape of the cross-section channel as in Figure 3. The cross sec-
tion can be further separated into six sections (see Figure 3),
that is, two sections per particle. If the cross section forms a
regular triangle, then the flow pattern for a velocity compo-
nent normal to the cross section can be obtained by a
Laurent series according to

u5A
R22r2

4
1B0 ln

r

R0

1
X1
n51

Bn
R0

r

� �kn

2
r

R0

� �kn
" #

cos kn/½ �
 !

(7)

In this equation, R is the polar radius of the particle as
viewed in the given cross section; r and / are polar coordinates
with respect to the reference point in the center of the particle;
A, B0, and Bn are constants; and k is the order of rotational sym-
metry, which for a regular triangle is 6, that is, six regular trian-
gles fit around one particle in the given plane. The Laurent
series automatically satisfies the viscous-flow equation for the
velocity component u normal to the cross section according to

Du52A (8)

This relationship is true for any constants B0 and Bn.47

Moreover, the nonslip boundary condition and u 5 const at
the surface of the spheres are automatically satisfied. The
constants B0 and Bn should be chosen to fit the boundary
condition at r cos u 5 x0, where x0 is the position of the
Voronoi surface as viewed from the particle. The summation
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over n in the Laurent series, Eq. 7, convergences very
quickly, especially with less dense packing.40 Therefore, it is
adequate to take into account only the first few terms (n 5 1,
2, 3) in the summation. Equation 7 is extended to a general
case of a nonregular triangle, where the circumcenter of the
triangle takes the role of the center point. The order of rota-
tional symmetry, k, is not an integer for the irregular case,
but is a reciprocal of the angle of the triangle: k5 p

Du.
The total flow through the face of the triangle can be

expressed by a contour integral of w over the perimeter of
the cross section in the following mannerð

udS5

þ
wdl (9)

This makes it possible to determine the proportionality con-
stant A. The vorticity can be readily calculated from Eq. 7 by dif-
ferentiation. Thus, the integral of the dissipation rate of energy,
Eq. 4, in a tetrahedron can be expressed in a quadratic formð

tetrahedron

x2dV5
X4

i51

X4

j51

Cijð
þ

wdlÞið
þ

wdlÞj (10)

where ð
Þ

wdlÞi is the total flow through the i-face of the tet-

rahedron, and Cij 5 Cji are coefficients for the particular
shape of the tetrahedron. The diagonal terms Cii dominate
for compact packing. The volume integral of w derived from
Laurent series (Eq. 7) enables the derivation of these coeffi-
cients. The other option would be to use CFD to obtain the
coefficients Cij. This will be accomplished in later studies
enabling an estimation of the accuracy of the present
approach. The distribution of w follows from the minimiza-
tion of the total dissipation rate of energy, which creates a
system of linear equations. The stream function methodology
makes it possible to include the convection directly by usage
of the integral of w over the perimeter of each Delaunay
face. This gives the total mass flow through the Delaunay
tetrahedron according to Eq. 9. The total convection pattern
is obtained by combining all tetrahedrons.
To test the flow solution as well as the packing generation
method, the relationship between permeability and porosity
in the present packed-bed model is compared to the
Rump and Gupte’s formula for packed beds of spheres,
see Appendix B. As can be seen in Appendix B, the
obtained permeability data fits well with Rumpf and Gupte’s
formula.

Molecular diffusion

The molecular diffusion needs to be included in the model
as well. As the considered flow rate is low, Pem< 10, then a
simplified version of the diffusion can be applied as the
effects of Taylor and boundary layer dispersion30,31 starts
to appear at higher flow rates. Molecular diffusion occurs pri-
marily along the Voronoi faces. The vertex of each Voronoi
face is the circumcenter of the corresponding Delaunay tetra-
hedron. Thus, the flow between two neighboring vertices goes
through the face of three spheres of the corresponding tetrahe-
drons; see Figure 3b. The narrow gap between three spheres
has a channel-like form with varying area of the cross section,
S(n), with the smallest area at n 5 0 when S(n) 5 S0. If the
absolute value of n is equal to the radius of the spheres, then
the spheres do not reduce the area S and the maximum area,
Smax, is obtained. In other cases, the area S(n) is

SðnÞ5Smax 2
1

2

X3

k51

akðR22n2Þ5S01
1

2

X3

k51

akn
2 � S01Kn2

(11)

where ak is angle of the triangle at corresponding sphere,
S05Smax 2 1

2

P3
k51 akR2, and K5 1

2

P3
k51 ak5

p
2
. The total

mass-transfer resistance to molecular diffusion between verti-
ces with coordinates n1 and n2, through these three spheres
in such a 1-D channel approach is

1

D

ðn2

n1

1

SðnÞ dn5
1

D

1ffiffiffiffiffiffiffiffi
S0K
p arctan

ffiffiffiffiffiffiffiffi
K
S0

n

s" #�����
n2

n1

(12)

The flow rate through the same face of three triangles is
given by an integral (9) where the integration is taken along
the perimeter of the triangle. Thus, the mass transport
between two adjacent vertices can be calculated. Then, by
collecting all of the adjacent pairs of vertices, the global
mass transport is obtained.

Longitudinal dispersion

To compute DL, a breakthrough experiment is simulated
in a rectangular parallelepiped consisting of discrete ran-
domly packed spherical particles, in which the main flow is
directed upward. The 1-D problem for a system with a con-
stant DL, fixed concentration, c0, at the inlet, and flux free
concentration at the outlet is

Figure 3. (a) Division of the cross section between three particles in triangles, and (b) cross section of the space
between three spheres.

AIChE Journal February 2014 Vol. 60, No. 2 Published on behalf of the AIChE DOI 10.1002/aic 753



@c

@t
1u

@c

@z
5DL

@2c

@z2
; (13)

c50; 0 < z � L; t50

c5c0; z50; t � 0;

@c

@z
50 z5L; t � 0

(14)

where c is the mean solute concentration, t is time, z is
the distance in the main flow direction, and L is the length
of the packed bed. Equation 13 with boundary conditions
(14) has the following approximate analytical solution48

c

c0

5
1

2
erfc

z2ut

2
ffiffiffiffiffiffiffi
DLt
p

� �
1

1

2
exp

uz

DL

� �
erfc

z1ut

2
ffiffiffiffiffiffiffi
DLt
p

� �

1
1

2
21

uð2L2zÞ
DL

1
u2t

DL

� �
exp

uL

DL

� �
erfc

2L2z1ut

2
ffiffiffiffiffiffiffi
DLt
p

� �

2

ffiffiffiffiffiffiffiffiffi
u2t

pDL

s
exp

uL

DL
2
ð2L2z1utÞ2

4DLt

" # (15)

The 1-D profile of the concentration front is calculated as

volume-averaged hcivol ðz; tÞ5 1
SDz

Ð z1Dz=2

z2Dz=2

ÐÐ
Scðx; y; z; tÞdxdy

	 

dz, and flow-averaged, hciflðz; tÞ5

ÐÐ
Scðx; y; z; tÞuzðx; y; z; tÞdxdy=ÐÐ

Suzðx; y; z; tÞdxdy, where Dz is a small interval in the main

flow direction used for the volume averaging, and S represents
the area of the cross section of the system perpendicular to the
flow direction. DL is then obtained by fitting (15) to this 1-D
concentration profile for fixed u. The choice of using the fixed
u and the method used to fit (15) to the concentration profile is
discussed in Jourak et al.32 The side walls of the 3-D packed-
bed model have periodic boundary conditions; therefore, the
DL that is obtained in this study corresponds to the bulk disper-
sion without influence from the walls.

Transverse dispersion

Focus here is set on a 3-D rectangular parallelepiped with a
fixed concentration of a substance on the walls parallel to the
main flow field. The DT is then derived by computing the
extension of the concentration from the walls. Figure 4 depicts
a schematic representation of the transverse dispersion simula-
tion setup in the x-z cross section. This method is similar to
that developed by Coelho and Guedes de Carvalho,49 and is
explained, in detail, in a previously published 2-D study.32

System setup

The parameters of the setups that were used for the simu-
lations are shown in Tables 1 and 2. The flow was Stokesian
for all the setups. The standard porosity of the system was
0.40. However, to study the effects of porosity on the disper-
sion coefficients, porosities in the range of 0.365–0.45 were
also used. This is the range of e typically observed in real
beds of spheres.37 Moreover, the effects of packing structure
on the dispersion coefficients were studied by comparing the
randomly packed systems to their counterparts that had been
packed regularly (hexagonal close packed). The diameter of
the uniform-sized spheres that were used in the present study
was 12 mm. The numerical transient solution takes less than
1 day on a single core standard computer. Instead, most of
the computing time is spent on the packing procedure espe-
cially for the denser packing.

Results and Discussion

For Pem< 0.4, molecular diffusion dominates and
DL<Dm, due to the tortuosity of the porous medium.50

Figure 4. Schematic representation of the transverse
dispersion simulation setup, cross section in
the x-z plane.

Table 1. Longitudinal Dispersion Simulations

Case

System Size
Width 3 Depth 3

Length (m3) e s DL/Dm at Pem50.01 DL/Dm at Pem50.1 DL/Dm at Pem51 DL/Dm at Pem510

A1–5 0.12 3 0.12 3 0.50 0.40 1.45 0.688 6 0.003 0.697 6 0.006 0.802 6 0.006 2.76 6 0.03
B 0.12 3 0.12 3 1.0 0.40 1.45 0.688 0.695 0.800 2.77
C1–5 0.10 3 0.10 3 1.0 0.40 1.45 0.690 6 0.003 0.697 6 0.004 0.804 6 0.005 2.76 6 0.03
D1–6 0.07 3 0.07 3 1.0 0.40 1.45 0.687 6 0.004 0.696 6 0.006 0.802 6 0.005 2.82 6 0.08
E 0.07 3 0.07 3 1.5 0.40 1.45 0.690 0.701 0.810 2.80
F1–6 0.07 3 0.07 3 2.0 0.40 1.45 0.689 6 0.004 0.703 6 0.007 0.814 6 0.007 2.83 6 0.03
G 0.10 3 0.10 3 1.0 0.45 1.41 0.707 0.713 0.829 2.90
H 0.10 3 0.10 3 1.0 0.39 1.46 0.685 0.689 0.794 2.78
I 0.10 3 0.10 3 1.0 0.37 1.48 0.674 0.680 0.782 2.72
J 0.10 3 0.10 3 1.0 0.365 1.49 0.669 0.677 0.779 2.72
*K 0.10 3 0.10 3 1.0 0.40 1.29 0.773 0.782 0.852 2.27

*Packing structure is perturbed regular hexagonal close-packed (hcp). The DT/Dm values are nondimensional transverse dispersion coefficients obtained from the
effluent curves. The values behind “6” are standard deviations for the given number of simulations. e is the porosity and s is the tortuosity factor.
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Figure 5a exemplifies this condition at Pem 5 0.1 for a simu-
lation of longitudinal dispersion. Increasing Pem to 10, which
implies an increase in the velocity, makes the concentration
gradient much steeper; compare Figures 5a, b. For transverse
dispersion, an increase in Pem from 1 to 10 results in a
steeper concentration gradient at the wall; compare Figures
5c, d. Hence, the concentration gradients are highly depend-
ent on the velocity of the fluid in the range studied.

Estimation of DL

The estimation of DL is rather straight forward as
described in the previous section and in Jourak et al.32 Tran-
sient longitudinal dispersion simulations of the breakthrough

column experiments were performed in the 3-D packed-bed
model. From these simulations, the 1-D concentration pro-
files can be derived, as described earlier. Figure 6 provides
an example of the concentration profiles within a porous
medium for setup C, in which the values of DL/Dm are
shown beside each respective curve. These values of DL/Dm

were estimated by fitting Eq. 15 to the concentration distri-
butions (solid lines). Due to the unevenness of the flow
front, the concentration may vary at any cross section per-
pendicular to the main flow direction (z axis), at a given
time. This variation of concentration is indicated as error
bars in Figure 6. A larger unevenness is characterized with
longer error bars. Note that for the previous 2-D packed-bed

Table 2. Transverse Dispersion Simulations

Case
System Size Width 3

Depth 3 Length [m3] e s DT/Dm at Pem51 DT/Dm at Pem510 DT/Dm at Pem5100

L1–6 0.18 3 0.18 3 0.18 0.40 1.49 0.87 6 0.01 2.7 6 0.1 21 6 1
M1–6 0.36 3 0.06 3 0.36 0.40 1.41 0.85 6 0.02 2.3 6 0.1 18 6 1
N 0.50 3 0.04 3 0.50 0.40 1.40 0.84 2.3 17
O 0.50 3 0.04 3 0.50 0.45 1.38 0.89 2.5 19
*P 0.40 3 0.07 3 0.40 0.40 1.36 0.91 1.8 9.50

*Packing structure is perturbed regular hexagonal close-packed (hcp). The DT/Dm values are nondimensional transverse dispersion coefficients. The values
behind “6” are standard deviations for the given number of simulations. e is the porosity and s is the tortuosity factor.

Figure 5. Concentration distributions for the derivation of DL (snapshots): (a) Pem 5 0.1, Case B, (b) Pem 5 10,
Case A.

Final concentration distributions for case L for the calculation of DT : (c) Pem 5 1, (d) Pem 5 10. The color represents the magni-

tude of nondimensional concentration (i.e., c/c0) as it can be seen from the legend. Violet circles are cross sections of spheres at

the given planes.
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model (see Figure 4 in Jourak et al.32) the error bars were
typically longer than the present case. This result is predicted
and is related to the extradimension that the flow can use in
3-D as compared to 2-D, resulting in a smoother flow front.
The irregularity of the concentration gradient can also be
examined by plotting the variation of the maximal standard
deviation of the relative concentration in one cross section
vs. time; see Figure 7 for case C and K. This value is in the
range of 0–0.5, where the latter corresponds to the theoreti-
cal situation when half of the cross section has concentration
0 and the other half c0. For a consistent result, the maximal
standard deviation should with time go toward a lowest pos-
sible value at one pore volume (5 tu/L). The reason for this
is that the extent of the concentration gradient increases in

the longitudinal direction within the packed bed as the flow
evolves and moves toward the end of the bed. This results in
less variation of concentration in the perpendicular direction. As
can be seen from Figure 7, the perturbed regular packing, case
K, has a more even concentration gradient compared to the full
random packing, case C. It is clear that the increase of velocity
amplifies the unevenness of the flow front; see Figure 7.

Figure 8 shows the development of DL/Dm as a function
of nondimensional time obtained by fitting Eq. A1 to the
concentration distributions during transient simulations. The
simulations are performed for different sizes of the system,
where case A is the shortest and thickest system and case
F is the longest and thinnest one. For a randomly packed
(uniform-size packing) homogenous packed bed, without
structural variety as for all cases in this article, DL should
stabilize within the porous medium, as long as the system is
sufficiently long.51 As can be seen from Figure 8, the length
of the systems should be as long as possible to reduce natu-
ral fluctuations of DL far from the inlet and outlet. However,
the fluctuations of DL increase when the Pem increases (see
Figure 8). Therefore, for a monosized particle packed bed,
the higher Pem the longer the required system to achieve a
constant longitudinal dispersivity.51 Note that the reasons for
the initial peaks as well as the sudden increase of fluctua-
tions of DL/Dm toward the end of the packed bed in Figure 8
are explained in an earlier study.32 The fluctuations continu-
ous also at t> t0 as the diffusion free boundary condition is
specified at the outlet. The natural fluctuations due to the
random configuration of particles can be reduced by studying
huge systems of particles.

The estimated values of DL were derived by fitting Eq. 15
to the obtained effluent curves from the packed-bed model,
as it represents the average value that pertains to the whole
length of the packed bed (see Figure 9). The effluent curves
are obtained by plotting the averaged concentration at the
outlet as function of time. The fitting to Eq. 15 is made by a
least-square fitting procedure. For that reason, the discrete
solution is discretized with 20 points along the ordinate axis

Figure 6. Flow-averaged (o) concentration profiles at
various times vs. distance in the packed bed
for simulation C at Pem 5 1.

The error bars represent statistical variation of the con-

centration at a given cross section perpendicular to the

z axis. The solid lines represent an approximation via

the analytic formula (16). The values of the estimated

DL/Dm are shown beside their respective curves.

Figure 7. Variation of the maximal standard deviation in
one cross section normal to the z axis vs.
nondimensional time for case C (solid line)
and for case K, hexagonal close-packed pack-
ing (dotted) at different Pem values; t0 5 L/u.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Figure 8. The development of the nondimensional longi-
tudinal dispersion coefficients (obtained from
flow-averaged concentration profiles) at differ-
ent Pem vs. nondimensional time; t0 5 L/u.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]
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to find the best fit to the analytical solution. As can be seen
from Figure 9, the flow-averaged and volume-averaged effluent
curves nearly coincide. When either of the conditions, uL/
DL> 100 or uL/DL> 5 1 40 ut/L, are satisfied, Eq. 15 is a suf-
ficient accurate approximation to Eq. 13 with boundary condi-
tions from Eq. 14. For instance, as can be seen in Figure 9,
Eq. 15 provides an excellent fit to all the effluent curves (solid
lines) except at Pem 5 0.01, where there is a minor deviation
at larger times. To obtain an accurate value of DL at this
range, the CFITM code52 within the STANDMODE soft-
ware,53 which includes the exact solution of Eq. 13 was
applied (see dashed curve in Figure 9 for Pem 5 0.01).

Parameter study

Results of the simulations are presented in Tables 1 and 2
and the estimated values of dispersion coefficients are pre-

sented as DL/Dm and DT/Dm vs. Pem in Figures 10 and 11,
respectively. The effects of packing structure, porosity, and
system size on dispersion coefficients are here examined.

Parameter study

Similar to the previous 2-D study,32 variation of packing
structure from random to regular packing changes the
obtained dispersion coefficients noticeably. When the system
was packed regularly, the tortuosity of the porous medium
deceased and thus DL and DT increased at very low Pem (see
differences at Pem< 2 between simulations C and K in Table
1 as well as F and K in Figure 10, and those between N and
P in Table 2 and Figure 11). In the case of regular packing,
the flow path is less tortuous, which in turn decreases the
tortuosity of the porous medium.

At Pem> 2, however, the values of DL and DT are much
lower for the regular systems compared to their counterparts
for randomly packed systems; see the results for Pem> 2
between simulations F and K in Figure 10, and those between
N and P in Figure 11. This is related to the lower dispersion
associated with a less irregular flow front in the ordered struc-
ture system as in case K, which is clearly visible by the lower
maximal standard deviation compared to the randomly packed
system C in Figure 7 described earlier. For the regular case,
there is an apparent anisotropy of the system related to orienta-
tion of the main flow direction with respect to the crystal ori-
entation. The direction of the hcp crystal denoted by Miller
index as [001] is oriented along the main stream direction (z
axis) for longitudinal simulations and along x axis for trans-
verse dispersion simulations. A large irregular packing, how-
ever, is almost isotropic and orientation could be arbitrary.

Parameter study

As the system becomes more densely packed, that is, the
porosity of the medium decreases, the sinuosity of the flow
path increases. Therefore, decreasing the porosity of the
packed bed results in an increase of the tortuosity,54 which in
turn reduces the magnitudes of DL and DT in the molecular
diffusion regime. Tables 1 and 2 provide comparison of the

Figure 9. Flow-averaged (o) concentration effluent
curves for simulation C vs. nondimensional
time at Pem 5 0.01, Pem 5 0.1, and Pem 5 10.

The solid lines represent approximations via the ana-

lytical formula (16). The volume-averaged concentra-

tion effluent curve (1) is shown as an example for

Pem 5 10. The dashed curve shows the fitted effluent

curve via the CFITM code for Pem 5 0.01; t0 5 L/u.

Figure 10. Computed DL/Dm in a packed-bed model for
simulations F and K in comparison to 3-D
experimental data from Edwards and
Richardson,57 Blackwell et al.,58 and Gunn
and Pryce.59

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]

Figure 11. Computed DT/Dm in a packed-bed model for
simulations N and P in comparison to 3-D
experimental data from Hassinger and
Rosenberg,55 Blackwell,56 and Coelho and
Guedes de Carvalho.49

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]
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values of s from longitudinal simulations of G to C; C to H;
H to I, and I to J; and from transverse simulations of O to N.
Nevertheless, at Pem> 1, the effect of porosity on dispersion
coefficients is marginal, confirming results in the 2-D study.32

Parameter study

For the longitudinal dispersion simulations, increasing the
cross section area of the system marginally decreases the sta-
tistical variations. See Table 1 for comparison of standard
deviations between simulations C and D. As previously men-
tioned, for the DL to stabilize within the packed-bed model,
the system should be sufficiently long. Therefore, within the
computational limit for a given number of spheres, to obtain
a stabilized DL, the system can be kept relatively narrow
with periodic boundary conditions on the side walls to avoid
wall effects, whereas the length of it should be as long as
possible. The size of the packed bed and the number of
spheres therein can be increased keeping in mind that simu-
lation of a very large number of spheres is computationally
expensive. In this study, at Pem� 100, however, for the
given number of spheres, for example, around 7000 with the
diameter of 12 mm, the length of 1 m is nearly sufficient, as
the fluctuations of DL within the packed bed far from the
inlet and outlet are marginal (see Figure 8).

For the transversal dispersion simulations, the width
(x-dimension) and length (z-dimension) of the system is
more important than its depth (y-dimension). The reason
is as the flow moves upward in the z-direction the solute is
transversally dispersed mainly in the x-direction, due to the
fixed concentration boundary condition at the side walls.
Moreover, the DT is derived from an approximate solution,
which works best for large systems.32 Therefore, the length
and width of it should be as large as possible, whereas its
depth can be kept relatively low. In this study, as the length
and width of the system increase, the resulting DT value
decreases (see Table 2 for comparison between simulations
L, M and N). As the derived DT from simulation N is in
good agreement with 3-D experimental data in the laminar
flow regime,49,55,56 it is believed that the size of system N is
sufficient (see Figure 11).

Comparisons of derived DL, DT, and s,
to experimental data

The derived DL and DT are here validated with previously
derived 3-D experimental data49,55–59 from the literature in
the laminar flow regime, that is, low Pem; see Figures 10
and 11. The present simulations are in good agreement with
the 3-D experimental data. This suggests that the present
approach to study flow and dispersion in 3-D packed beds of
spheres in the laminar flow regime is acceptable. As a conse-
quence of the random nature of the packing, and, thus, the
uneven distribution of the flow, the mechanisms that cause
dispersion in randomly packed beds are quite complex.30

However, at very low values of Pem, dispersion is deter-
mined solely by molecular diffusion, wherein DL 5 DT 5 Dm/s
(see Figures 10 and 11 at Pem< 0.4). Note that the range of
Pem is extended up to Pem 5 100 in Figures 10 and 11 to
investigate the tendency at higher Pem than 10. As seen the
numerical results still fits to experimental data indicating that
Taylor and boundary layer dispersions are still of minor con-
cern at Pem 5 100.

In this article, the porosity was varied from 0.365 for
dense packing to 0.45 for loose packing, which is the typical

observed value of porosity for random monosized
spheres.60,61 As previously mentioned in this article, the tor-
tuosity decreases with increased porosity.54 The obtained tor-
tuosity factors for randomly monosized particles were in the
range of 1.38–1.49, which is in agreement for normally
observed values for packing of spheres (for an overview, see
Lanfrey et al.54) Moreover, the obtained values of s in this
article are in agreement with the suggested value of s 5 1.4
for spheres by Gunn.62

Comparisons of derived DL and DT in 3-D to 2-D
packed-bed model

Relating the 3-D packed-bed model to its 2-D counterpart,
the flow obviously has an extradimension to use, which
makes the flow smoother. In the 2-D case, there is no flow
through closely packed cylinders and the flow must go
around such constrictions. This may increase the irregular-
ities within the flow field and thus amplify the dispersion.
Comparing the derived DL and DT from this 3-D packed-bed
model to the previous 2-D models26,32 yields that at very
low Pem (molecular diffusion regime), both the 2-D and the
3-D approach correctly predict DL 5 DT 5 Dm/s. At higher
Pem, when the dispersion due to convection is more impor-
tant, the resulted DL and DT in a randomly packed 2-D sys-
tem can be higher than the 3-D system.32 However, this is
obviously related to the 2-D porous-medium model that is
used to simulate the dispersion. For instance, in the case of
the 2-D periodic porous-medium model used in Edwards
et al.,26 at Pem> 1 the DL is higher than the present study,
whereas the DT is much lower. This is, as pointed out in
Edwards et al.,26 related to the unit cell approach that was
used in their study to derive DT, which gives less intercellu-
lar lateral fluid motion, and, thus, lower DT. Nevertheless,
there are several applications where the flow can be consid-
ered to be 2-D, and, thus, a 2-D system is required to derive
dispersion coefficients.

Conclusions

The methodology presented in this article has proven to
be an effective tool that is easy to implement and can be
used as an experiment instead of tracer dispersion in 3-D
packed beds of spheres. Random and regular packing of
spheres were generated applying appropriate numerical meth-
ods. Voronoi diagrams were used to divide the system of
spheres into cells that each contains one particle. The local
flow fields inside the Delaunay tetrahedrons were treated
using Laurent series. After that, the whole flow pattern was
obtained by minimization of the dissipation rate of energy
for the dual stream function. As a result, a discretized 3-D
packed-bed model was obtained with the known flow field,
which makes it possible to extract the DL and DT for Peclet
numbers (i.e., Pem) in the laminar flow regime. A summary
of the major findings is as follows:
� The Thompson algorithm was found to be an effective

means of handling the periodic boundary conditions for
the Delaunay tessellation.

� The Laurent series for treating the local flow field as
well as the dual stream function approach to approxi-
mate the flow make it possible to apply the variation
method to obtain the overall flow. This methodology is
shown to be successful for modeling the flow in 3-D
packed beds.
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� The tortuosity factor, s, was found to decrease as a
function of increasing porosity. Therefore, for identical
systems, as the porosity decreases the tortuosity factor
increases, which in turn decreases the DL and DT at
very low Pem. Nevertheless, the effect of porosity at
high Pem was insignificant.

� Changing the pore structure from random to perturbed
hexagonal close-packed packing decreased the tortuosity
factor. Therefore, a perturbed hexagonal close-packed
packing system shows higher values of DL and DT at
low Pem. However, at higher Pem (Pem> 2) because of
lower irregularity of the flow front in the case of an
ordered structure, the resulting DL and DT are lower
compared to the system that had been packed randomly.

� The derived values of DL and DT in the 3-D packed
beds of spheres are in good agreement with previous
experimental data at low Pem. Therefore, the present
approach to investigate dispersion in the laminar flow
regime and effects of different packing parameters on
dispersion can be considered to be acceptable.

� The use of dual stream function enables effective flow
visualization in porous media.
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Appendix A : Minimization of Dissipation
Rate of Energy

Let us prove that the following functional is minimal for Sto-

kesian flow in the system with periodic boundary conditions and

either nonslip or free slip conditions on particles

U½w�5
ððð

V

x2

2
dV (A1)

where w 5 w(x, y, z) is the stream function vector dependent
on spatial position and x5r3u5r3ðr3wÞ is the vortic-
ity vector. It is assumed that the stream function within each
particle is a constant vector. Suppose that minimal value of
the functional is achieved at the distribution of the stream
function w0 5 w0(x, y, z). The vorticity corresponding to this
stream function is x0. Let us add an infinitesimal perturba-
tion to that stream function

w5w01dw (A2)

The functional at the perturbed value neglecting higher order

variations with respect to dw is

U½w�5U½w0�1
ððð

V

ðr3ðr3w0ÞÞ 	 ðr3ðr3dwÞÞdV5U½w0�

1

ððð
V

x0 	 ðr3ðr3dwÞÞdV

(A3)

The extremum value of functional at w0 is proven if the second

term in the right hand side is zero at any infinitesimal perturba-

tion that satisfies the boundary conditions. Using the identity of

vector calculus

rðA3BÞ5B 	 ðr3AÞ2A 	 ðr3BÞ (A4)

we can integrate the second term by parts and apply the
divergence theoremððð

V

x0 	 ðr3ðr3dwÞÞdV52

ððð
V

rðx03ðr3dwÞÞdV

1

ððð
V

ðr3x0Þ 	 ðr3dwÞdV
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ðð
S

ðx03duÞdS1

ððð
V

ðr3x0Þ 	 ðr3dwÞdV

(A5)

The first term in the right hand side vanishes due to nonslip

boundary conditions at solid surfaces du 5 0and periodic bound-

ary conditions at the walls. It cancels also for free surface flows

like bubbles, where x0 5 0 at the surface. Doing the same pro-

cedure once more yieldsððð
V

ðr3x0Þ 	 ðr3dwÞdV52

ððð
V

rðr3x0Þ3dwÞdV

1

ððð
V

ðr3ðr3x0ÞÞ 	 dwdV

52

ðð
S

ðr3x0Þ3dwÞdS1

ððð
V

ðr3ðr3x0ÞÞ 	 dwdV

(A6)

The first term cancels for periodic boundaries if the total flow

rate is fixed. As the stream function vector is constant and fixed

within particles then dw 5 0 at the surface of particles and the

first term cancels, too. The second term cancels for Stokesian

flow: r3ðr3x0Þ50. It is clear that functional tends to be min-

imal globally for fixed flow rate through the system giving the

stream function values for all the particles except one, where it

can be set freely. Also, note that an additional constraint (e.g.,

rw50) is required to get one and only one solution for the

global stream function at given periodic boundary conditions.

Thus, minimization of functional with respect to the stream

function vector is acceptable.

Appendix B: Permeability

A fluid can only generate tangential viscous stresses on a

solid surface with a nonslip boundary condition. Thus, to calcu-

late the drag force on the particle, the vorticity close to it must

be known. The viscous force exerted on the particle is an inte-

gral of vorticity xsph at the surface
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fviscous 5l
ðð

sph

xsph 3ndS (B1)

where n is the normal direction related to the particle sur-
face, and index sph denotes the sphere. Then, normal force,
in turn, depends on the pressure P distribution around the
particle. The force, for example, in the z-direction is

fz;normal 5

ðð
sph

PnzdS 5 R2

ð2p

0

ðp
0

Pðh;/ÞsinðhÞcosðhÞdhd/

52
R2

2
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0
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0

@P

@h
sin2hd hd/

(B2)

where axis h 5 0 coincides with z axis, and inner integral
has been integrated by parts.
According to the momentum equation, the change of pressure at

the surface of the particle is

1

R

@P

@h
5l

@xsph
/

@n
(B3)

where n is coordinate in normal direction from the surface
of particle. Combining viscous and normal forces results in
the following force on the particle

fz5lR2

ð2p

0

ðp
0

xsph
/ 2

R

2

@xsph
/

@n

 !
sin2hdhd/ (B4)

Thus, the normal force dominates in highly packed systems. The

sum of all drag forces on the particles should be equal to

the driving pressure difference, as the system with periodic

boundary conditions has no walls. Hence, Darcy’s law can be

rewritten as follows

hvi5 K

l

X
i

f i

V
; (B5)

where i is the sum over all particles, V is the volume of the sys-
tem, and hvi denotes the average velocity of the system. The per-
meability tensor K can be obtained from this relationship. Figure
B1 shows the relationship between the obtained permeabilities
and porosities in the packed-bed model that are compared to
Rumpf and Gupte’s formula for packed bed of spheres.

Manuscript received Nov. 30, 2012, and revision received Sept. 29, 2013.

Figure B1. Symbols (o) show calculated permeability
vs. porosity.

Line represents Rumpf and Gupte’s formula for

packed bed of spheres: K
R2 5 e5:5

1:4; R is radius of a sphere.

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]
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